Hybrid spin-mechanical systems are a promising platform for future quantum technologies. Usually they require application of additional microwave fields to project integer spin to a readable state. We develop a theory of optically detected spin-mechanical resonance associated with half-integer spin defects in silicon carbide (SiC) membranes. It occurs when a spin resonance frequency matches a resonance frequency of a mechanical mode, resulting in a shortening of the spin relaxation time through resonantly enhanced spin-phonon coupling. The effect can be detected as an abrupt reduction of the photoluminescence intensity under optical pumping without application of microwave fields. We propose all-optical protocols based on such spin-mechanical resonance to detect external magnetic fields and mass with ultra-high sensitivity. We also discuss room-temperature nonlinear effects under strong optical pumping, including spin-mediated cooling and heating of mechanical modes. Our approach suggests a new concept for quantum sensing using spin-optomechanics.
INTRODUCTION
Cavity optomechanics is an emerging research field exploring the interaction between electromagnetic radiation and mechanical resonators [1] . The motivation for the research originates from exciting fundamental physics as well as various technological applications, including highresolution accelerometers [2] and quantum transducers [3] . The interaction between light and nanomechanical modes can also be mediated by electron spin qubits [4] [5] [6] . Indeed, such a hybrid spin-mechanical quantum system have been realized using the NV center in diamond [7] [8] [9] [10] [11] [12] [13] [14] . Silicon carbide (SiC) is a natural platform for spin optomechanics, as it is used as a material for ultra-sensitive nano-electromechanical systems (NEMS) [15] [16] [17] and simultaneously hosts highly-coherent spin centers, such as silicon vacancies (V Si ) [18] and divacancies (VV) [19] . Recently, mechanical tuning [20] and acoustic coherent control [21] of the VV spin-1 centers in SiC has been experimentally demonstrated.
In this work, we develop a theory of the spinmechanical interaction for spin-3/2 qudits in SiC. Such centers can exist in a superposition of four states, which makes them promising for quantum computation and sensorics [22, 23] . We determine the constant of spinlattice interaction from the temperature dependence of the spin-relaxation time, and use it to describe the interaction between spin qudit modes and vibrational modes of a SiC membrane. We also discuss realistic applications of such a hybrid quantum system. Particularly, we propose an all-optical protocol for the DC magnetometry, where the sensitivity is defined by the mechanical Qfactor of the membrane. We also consider all-optical cooling of vibrational modes in a SiC membrane at room temperature, when they interact with a dense V Si spin ensemble, and suggest an all-optical protocol for chemisorption measurements based on the mass-dependent shifts of the mechanical modes. Finally we discuss how the static strain of the membrane can be mapped via the shift of the zero-field splitting and propose to use it for force or acceleration measurements.
SPIN-PHONON INTERACTION
While our theoretical approach is general, we use the experimental parameters for the so-called V Si (V2) spin qudit in 4H-SiC [24] to link it to practical applications. It has spin S = 3/2 in the ground state [25] , which is split in two spin sublevels m S = ±3/2 and m S = ±1/2 with the zero-field splitting 2D = 70 MHz [26] . First, we discuss how such spin centers interact with lattice vibrations.
Vibrations create local deformations that affect the spin states associated with point defects in the crystal. The Hamiltonian, describing this spin-phonon interaction, can be constructed using the group representation theory [6, 22, 27] . For the sake of simplicity, we use the spherical approximation, where the interaction Hamiltonian reads
Here, Ξ is the deformation potential constant that quantifies the effect of local stress on the qudit fine structure, u αβ is the deformation tensor, S = (S x , S y , S z ) is the vector of spin-3/2 operators. We note, that Hamiltonian (1) should be even in spin operators due to the timeinversion symmetry. The recent ab initio calculations suggest that the spin-phonon interaction in SiC can be anisotropic [27] . While taking into account the real low symmetry of the defect may lead to a small correction to our results, the conclusions drawn remain qualitatively unchanged.
In case of static deformation, Eq. (1) describes modification of the zero-field splitting and spin level mixing, as discussed in Sec. .
When u αβ is regarded as a deformation induced by phonons passing by the spin center, Eq. (1) can be used to calculate the rate of the direct transitions W (direct) m S ,m S between the sublevels with the spin projection on the c-axis m S and m S [28] . We get
where E m S is the energy of the spin sublevel with m S = ±1/2, ±3/2, T is the temperature, k B is the Boltzmann constant, ρ is the mass density, andv = 5v l v t /(2v t + 3v l ) is the averaged velocity of longitudinal and transverse phonons. The spin transition rate
±3/2,∓1/2 is given by the same Eq. (2), where E ±1/2 should be replaced with E ∓1/2 . The other spin transition rates vanish,
+1/2,−1/2 = 0. The presence of spin transitions with the spin projection change by ±2 as well as by ±1 is the direct consequence of the interaction Hamiltonian (1) being quadratic in spin operators.
With increasing temperature, the Raman processes that involve absorption of a thermal-energy phonon followed by its reemission start to give the dominant contribution to the spin relaxation [28] . The corresponding transition rates read
and the rates W +1/2,−1/2 are twice higher. The temperature dependence of the spin-lattice relaxation time T 1 of the V Si (V2) spin qudit in 4H-SiC has been experimentally investigated in detail [29, 30] . It has been observed that 1/T 1 increases linearly with temperature as A 1 T up to 30 K and follows A 5 T 5 at high temperatures, in accord with Eqs. (2) and (3). Using the parameters of 4H-SiC (table I) together with the experimental value A 5 = 1.1 × 10
, we estimate the deformation potential constant Ξ ≈ 2 meV. It gives the direct transition rate A 1 = 0.2 × 10 −2 s −1 /K for the energy difference of |E ±3/2 − E ±1/2 | = 500 MHz in Eq. (2), which is within the same order of magnitude with the experimental value A 1 = 1.0 × 10
. The small discrepancy may be related to the spread of the SiC parameters in the literature and presence of additional relaxation mechanisms.
Importantly, the spin-phonon interaction is affected strongly by the structure design. In what follows we present theoretical results for spin centers coupled to quantized mechanical vibrations of a rectangular membrane. 
QUANTIZED MECHANICAL VIBRATIONS OF A MEMBRANE
To be specific, we consider a rectangular membrane with dimensions L x × L y = 10 µm × 15 µm (Fig. 1) , the thickness h = 1 µm, and suppose that initially it is not stressed. Particularly, such a membrane can be fabricated on the 4H-SiC platform using epitaxial growth in combination with dopant-selective photoelectrochemical etch, as has previously been used for the fabrication of high-Q photonic crystals [32] . We assume that the mechanical quality factor of the membrane is Q = 10 4 [33, 34] .
The system can support mechanical vibrations characterized by (i) in-plane and (ii) out-of-plane displacement. Both of them have only the in-plane component of the wave vector. The reason is that the out-of-plane wave vector component is quantized, which would result in frequencies ∼ πv/h, which are higher than the spin transition frequencies considered below. The modes with in-plane displacement are similar to the acoustic waves in bulk material, with the same transverse sound velocity
. Here E is the Young modulus σ is the Poisson ratio of the material.
The out-of-plane membrane displacement ζ is governed by the equation
where
and ∆ is a two-dimensional Laplace operator. An appropriate boundary conditions, determined by how the membrane is attached to the environment should be imposed. For the sake of simplicity, we assume that the edges are supported. The eigenmodes of the system then read [35] 
and the corresponding eigenfrequencies are
where j = (n x , n y ) with integer n x , n y ≥ 1 enumerating the vibrational modes. The mechanical density of states (DOS) for the parameters of table I is presented in Fig. 1 
(a). It is calculated asD
where the first term stems from the in-plane vibrations freely propagating in the membrane and the surrounding, while the second term represents the confined out-of plane modes, and Γ j = ω j /(2Q) is the decay rate of the vibrational mode j. The displacement for several membrane eigenmodes, j = (1, 1), (2, 2), (1, 2) and (3, 1) is illustrated in Figs. 1(b) -(e), respectively.
For comparison, we also show in Fig. 1 (a) by dashed curve the DOS of 3D phonons in the bulk material given
. The superior mechanical DOS of the membrane and the presence of mechanical resonances makes this system favorable for the study of spin-mechanical effects.
RESULTS AND DISCUSSION
When the frequency of a vibrational mode matches the energy difference between two spin sublevels, the rate of corresponding spin transitions is drastically enhanced. One the one hand, this results in a speed-up of the qudit spin relaxation time; on the other, leads to a deviation of the steady-state number of vibrational quanta in the mechanical mode from its equilibrium value. We discuss below optical protocols for detection of these effects and describe possible applications of such optically detected spin-mechanical resonance (ODSMR).
Low-temperature ODSMR magnetometry
The idea of the magnetometry is illustrated in Fig. 2 (a). Upon application of the external magnetic field B z along the c-axis, the V Si (V2) spin states are split and shift linearly with B z . Optical excitation results in the preferential population of the m S = ±1/2 states [solid circles in Fig. 2(a) ] [18] . After the excitation is switched off, the spin relaxation ±1/2 → ±3/2 occurs. At low temperature, this relaxation is caused by the absorption or emission of single phonons, and typical relaxation time is on the order of 10 seconds [30] . However, in certain magnetic fields, when the splitting between some spin sublevels is equal to a membrane eigenfrequency [vertical arrows in Fig. 2(a) ], the spin relaxation is accelerated due to the resonantly enhanced probability of phonon emission or absorption.
The spin transitions transitions can be described in terms of spin-mechanical interaction Hamiltonian Eq. (1), where the oscillating deformation u (j) αβ is induced by the periodical mechanical displacement of the membrane ζ (j) , Eq. (5). In a thin membrane, the deformation is distributed linearly along the normal of the membrane and its maximal value
occurs at the membrane surfaces. It what follows, we assume that the spin centers are created close to the surface and in the center of the membrane, as shown schematically in Fig. 1(b-e) , unless explicitly mentioned. Technically, this can be realized using focused ion beam [36] . We now calculate the spin transition rates induced by the interaction with the membrane vibrations. The transitions with the spin projection change by ∆m S = ±1 are governed by u xz and u yz strain components, that vanish for the mechanical membrane modes. The spin transition rates with ∆m S = ±2 [vertical arrows in Fig. 2(a) ], caused by the vibrations in mode j, are given by
where N j is the number of phonons in the mode, which is given by N j = k B T /( ω j ) in the thermal equilibrium. (red), calculated as a function of the magnetic field using Eq. (9) . At certain magnetic fields, the spin relaxation time drops down by two orders of magnitude. This occurs when the spin splitting between the m S = +3/2 and m S = −1/2 states or between the m S = −3/2 and m S = +1/2 states is equal to the eigenfrequency ω j of mode j = (n x , n y ) with odd n x and n y . Indeed, according to Eq. (5), only such "bright" modes have non-zero deformation in the middle of the membrane and hence interact with spin centers [Figs. 1(b)-(e)]. Furthermore, our calculations indicate the possibility to increase of the relaxation time by two orders of magnitude (> 1000 s) at B z = 1.25 mT due to the second ground state level anticrossing (GSLAC-2) [37] . Figure 2 (c) presents an all-optical protocol to detect the spin-mechanical modes. The system is excited by a sequence of two short optical pulses, leading to the preferential population of the m S = ±1/2 states with respect to m S = ±3/2 states. The photoluminescence (PL) of V Si is spin-dependent, i.e., contains a contribution proportional to the population difference between the m S = ±1/2 and m S = ±3/2 states [18] . Therefore, the population difference induced by the first pump pulse can be deduced from ∆PL 0 = PL r − PL 0 , where PL r is the reference PL recorded immediately after the pump laser is switched on and PL 0 is recorded at the end of the pump pulse, when the spin pumping has taken place. After the pump pulse, the photo-induced population difference decays due to the spin relaxation processes with the rates of Eq. (9). To measure this decay, the system is excited with the second optical pulse after delay τ . The difference between the PL intensity induced by the second pulse and the reference PL intensity ∆PL τ = PL r − PL τ is measured.
Figure 2(d) shows ∆PL τ /∆PL 0 as a function of the magnetic field calculated using the spin relaxation time of Fig. 2(b) for two values of delay τ . As expected, the pronounced dips correspond to the resonances with "bright" mechanical modes of the membrane. The full width half maximum (FWHM) of these deeps depends on τ , becoming narrow for shorter delay times. The grey area in Fig. 2(d) netic resonance (ODMR) lines associated with the V Si centers in SiC is about 100 µT [25] . In case of ODSMR the magnetic field sensitivity depends on the mechanical quality factor Q and spin relaxation time T 1 , while in case of ODMR it is determined by the spin coherence time T 2 . For T 1 T 2 and high Q ω j T 2 , the ODSMR-based protocol provides higher sensitivity. Assuming 100% efficiency of the spin read-out [38, 39] and pumping [30] at low temperature and the photon count rate from a single V Si defect R = 4 × 10 4 Hz [40, 41] , we estimate DC magnetic field sensitivity
where N d is the number of the V Si defects. We note that for dense spin ensembles, inhomo-geneous broadening can eliminate the advantage of the ODSMR protocol.
Room-temperature nonlinear effects in the strong pumping regime
In the above discussion, we assume that the number of quanta in the vibrational modes corresponds to the environment temperature. However, when a single mechanical mode interacts with many spin centers that are driven from thermal equilibrium by optical pump, the effective temperature of the mode can deviate from that of the environment [13] . In case of spin-3/2 centers, this process can be qualitatively understood from Fig. 2(a) . At a magnetic field of 2.57241 mT, corresponding to ODSMR with the ω 1,1 mode, the spin relaxation leads to phonon emission. As a result, the number of phonons increases, which can be described as an increase of the effective temperature of the ω 1,1 mode. On the contrary, at a magnetic field of 0.07072 mT, also corresponding to ODSMR with the ω 1,1 mode, the spin relaxation leads to phonon absorption. As a result, the effective temperature of the ω 1,1 mode decreases.
To describe these heating and cooling processes under ODSMR, we use the rate equation approach. The dynamics of the spin level occupancies f m S (m S = +3/2, +1/2, −1/2, −3/2) in an ensemble of spin centers under optical pumping is given by the equation set
where, I is the pump intensity, P describes pumpinduced transitions, and W (j) is given by Eq. (9). Since the phonon, involved in the Raman process of spin relaxation, have high energy and do not feel the confinement, we use the bulk expression of Eq. (3) for W (R) . In order to describe the preferential population of ±1/2 states under optical pumping, we assume that, in the PL cycle, the spin center can go from the ±3/2 state to the ±1/2 state with the rate ηI, and can come back from the ±1/2 state to the ±3/2 state with the rate η I. The corresponding optical pump matrix reads
Then, the maximal spin polarization degree achieved at high intensities I → ∞ is ∆f = f +3/2 + f −3/2 − f +1/2 − f −1/2 = (η − η )/(η + η ). The experimentally obtained value f +1/2 − f +3/2 ≈ f −1/2 − f −3/2 ≈ 0.03 for the V Si centers at room temperature [30] gives η/η ≈ 1.1. The transition rates W (j) are proportional to the numbers of the vibrational quanta N j . In order to determine them, we use the corresponding rate equations,
where N d is the number of spin centers that interact with mode ω j , and θ is the Heaviside function. The simultaneous solution of coupled non-linear equations (10)- (12) allows us to calculate the steady-state spin level occupancies f m S and vibration quanta numbers N j . The PL intensity change is then given by
where the dimensionless parameter α ≈ 0.1 quantifies the efficiency of optical spin read-out at room temperature [30, 42] . The results of these calculations for mechanical quality factor Q = 6 × 10 4 are presented in Fig. 3(a) . In case of a single V Si center (N d = 1), our model predicts sharp peaks in the PL intensity as a function of the magnetic field. The heights of these peaks are equal for the same mechanical mode. Particularly, the dashed line in Fig. 3(a) shows the ODSMR lines for the lowest mode (1,1) . For a large number of spin centers (N d = 10 5 ) located close to the middle of the membrane, the nonlinear effects become visible, as shown by the solid lines in Fig. 3(a) . Due to lower steady-state number of vibration quanta N j at 0.07072 mT (phonon absorption) and higher at 2.57241 mT (phonon emission), the ODSMR lines have different heights.
The difference of N j from its equilibrium value N j can be interpreted as optically induced mode heating or cooling, with the effective temperature of the mode given by T (j) eff = N j ω j /k B . The effective temperature depends on the pump intensity ηI as shown in Fig. 3(b) . The heating/cooling processes can be quite efficient at high pump intensities. Remarkably, our model predicts optical cooling of the lowest vibrational mode (1,1) from room temperature to approximately 200 K for ηI > 3 × 10 6 s −1 . To estimate the laser powers required for the observation the aforementioned nonlinear effects, we first determine the characteristic pump intensity ηI 0 required to induce spin polarization. To do this, we consider Eq. (10) with W (j) m S ,m S = 0 (spin relaxation is dominated by the Raman process as in the bulk). Then, in the steadystate, we have
. This value is related to the characteristic laser power of about 0.1 mW µm −2 [30] . We assume that the V Si ensemble with an area of 10 µm 2 is created close to the middle of the membrane. With N d = 10
5 V Si centers, this corresponds to the density of 10 16 cm −3 . Putting all together, we conclude that the pump rate ηI of 3 × 10 6 s −1 , required to observe pronounced cooling effects of the membrane modes, can be achieved with a laser power of about 1 W. From the absorption cross section of the V Si centers [30, 41] , we estimate that only about 5% of 1 W are absorbed in the h = 1 µm thick membrane, minimizing heating effect due to the direct laser absorption.
Mass detection with ODSMR
The proposed technique of ODSMR can be also used to detect a variation of the membrane mechanical properties. Suppose a particle with small mass m gets attached to the membrane at coordinates (x, y). As a consequence, the resonant frequencies of the mechanical modes are shifted by
where M = ρhL x L y is the membrane mass. Figure 4(a) shows an example for the ODSMR signal calculated for Q = 10 4 , m/M = 10 −4 and different mass positions A and B. The position A corresponds to the membrane center (x = 7.5 µm, y = 7.5 µm) while the position B corresponds to a shift along the x axis (x = 11.25 µm, y = 7.5 µm), as shown schematically in the inset of Fig. 4(b) .
Using the ODSMR shifts corresponding to different modes, one can determine both the position of the attached particle and its mass. In particular, it follows from Eq. (14) that
where δω nx,ny = ∆ω nx,ny /ω nx,ny . The x-coordinate can be unambiguously found from Eq. (15) by analysing the shift of several (n x , 1) modes with odd n x [ Fig.4(b) ], and the y-coordinate can be found in the similar way by analyzing (1, n y ) modes. The attached particle mass can be obtained as, e.g.,
The sensitivity of mass measurement is determined by the membrane mass M and the measurement accuracy of the relative ODSMR shift δω 1,1 . The latter depends on the mechanical quality factor Q and the accuracy of ∆PL/PL measurement, Eq. (13). We estimate the minimum detectable ODSMR shift as a product
Here, Q S = ω j /Λ ω is an effective ODSMR Q-factor. We obtain from Fig. 4 (a) Q S = 10 2 . Note that for the protocol of Fig. 2(c) , Q S tends to the mechanical quality factor Q. The readout efficiency α and spin polarization ∆f yield α∆f = 3×10 −3 at room temperature and α∆f ∼ 1 at low temperature [30, 38, 39] . The photon count rate from a single V Si defect is R = 4 × 10 4 Hz [40, 41] . We then estimate δω min ∼ 10 and δm min ∼ 1/ √ N d fg · Hz −1/2 , respectively. According to these estimations, ultrahigh zg sensitivity can be achieved by increasing the mechanical (ODSMR) quality factor Q (Q S ) and reducing the membrane mass M . This should allow mass detection of individual macromolecules [16] .
Apart from the shift of the mechanical frequencies, the attached particle can also leads the mixing of vibrational modes. When a particle is placed not in the geometrical center of the membrane, the dark modes that in the unperturbed case are not detectable due to their symmetry, e.g., mode (2, 1), get an admixture of bright modes and emerge in the ODSMR spectra. Then, the relaxation rate in the vicinity of the dark mode frequency ω j is given by
where α jj is the admixture amplitude of the mode j = (n x , n y ) to the mode j = (n x , n y ) that reads
Figure 4(a) shows the ODSMR in the vicinity of frequency of the "dark" mode (2, 1) calculated for m/M = 10 −4 . The weak resonance is present only when particle is in position B, i.e., shifted from the membrane center. The amplitudes of the "dark"-mode resonances can be used to determine the position of the particle and its mass, however this method is less sensitive compared to the method discussed above.
ODSMR accelerometry
Finally, we discuss how the static membrane deflection induced by some external force can be detected. The material deformation caused by membrane deflection modifies the fine structure parameters of the spin center. To describe this, we rewrite the spin-mechanical interaction Hamiltonian (1) as
where S ± = S x ±S y , δD = Ξ(u zz − 1 2 u xx − 1 2 u yy ) describes variation of the zero-field splitting, and δE = Ξ( 
The value of δD is directly available as a shift of the ODSMR line. Measurement of this shift with spatial resolution can be used to map the membrane bending ∆ζ(x, y).
A possible application of the proposed bending measurement is a detection of the acceleration g. To this end, a particle of a large known mass m is placed in the center of the membrane. The inertia force mg produces a load in the membrane center. Figure 4 (c) presents membrane deflection ζ(x, y) as a function of the x and y coordinates induced by such a load. The maximum membrane bending is achieved in the membrane center and reads ∆ζ 0 = Cmg/D, where C is a constant of the order of unity, determined by the membrane and particle dimensions. For the particle size d L x , L y and m M , it is given by C ≈ (1/2π) ln(d/L x ). Then, by measuring the zero-field splitting variation δD one calculates the inertia force from
For the parameters from table I, the deformation potential constant Ξ ≈ 2 meV, and the membrane thickness h = 1 µm, we estimate from Eq. (22) that mg/δD ∼ 0.1 g · cm · s −2 /MHz. The minimum detectable zero-field splitting variation can be estimated using Eq. (17) as δD min = Dδω min . We assume that a gold (19.3 
g/cm
3 ) sphere with a diameter of 1 µm is attached to the center of the membrane, which has a mass of 80 pg. Combining Eq. (22) and Eq. (17), we obtain the room-temperature acceleration sensitivity g min ∼ 5 × 10 8 / √ N d cm · s −2 · Hz −1/2 . In fact, this sensitivity is miserable because of membrane dimensions are not optimal for the acceleration measurement. The sensitivity can be dramatically improved by using very thing membranes. For instance, if the thickness of the membrane is h = 10 nm instead of h = 1 µm, the sensitivity is improved by 4 orders of magnitude. Attaching a heavier particle to the membrane center is another way to improve the acceleration sensitivity. For instance, a gold sphere with a diameter of 10 µm should give further improvement by 3 orders of magnitude. Thus, the room temperature sensitivity better than g min ∼ 50/ √ N d cm · s −2 · Hz −1/2 is feasible though technologically challenging. Further improvement is possible using membranes with larger lateral dimensions, however the mechanical resonance frequencies shift to the sub-MHz range.
CONCLUSIONS
We have considered theoretically the optically detected spin-mechanical resonance associated with half-integer spin centers in SiC membranes. It is caused by the spinphonon coupling and occurs when the conditions for the spin resonance and mechanical resonance are simultaneously fulfilled. Due to the optical spin pumping mechanism and spin-dependent recombination, ODSMR can be detected as a change in the PL intensity. Based on these properties, we have proposed all-optical sensing protocols, where the sensitivity is determined by the mechanical quality factor. We have discussed the realistic conditions, under which the femtotesla-scale magnetic sensing and zeptogram-scale mass sensing can be achieved. By placing a micron-size particle at the center of the membrane, the ODSMR can be used as an accelerometer. In addition, we have considered the application of strong optical pumping of a dense spin ensemble in a membrane for cooling of the mechanical modes from room temperature to below 200 K. Our findings suggest that hybride SiC spin-mechanical systems are a promising platform for quantum sensing applications.
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